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Abstract 

We consider the evolutionary MHD systems, and study the the regularity and 
vanishing viscosity limit of the 3-D viscous system in a class of bounded domains 
with a slip boundary condition. We derive the convergence is in H 2k+l , for k > 1, 
if the initial date holds some sufficient conditions. 

Key words: Magnetohydrodynamic system; slip boundary condition; vanishing 
viscosity limit. 

1 Introduction and results 

Let f2 be an open bounded domain in R s . We consider the initial and boundary 
value problem for the system of viscous MHD equations 

f d t u - z/Au + (u • V)u - (H • V)H + Vp = in ft, 

V • u = in ft, 

<9 4 H - ,uAH + (u • V)H - (H ■ V)u = in ft, (1) 

V H = in ft, 
u = uq, H = Hq, at t = 0, 
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with the following slip without friction boundary conditions 

u • n = 0, V x u • r = 0, H • n = 0, V x H • r = on <9ft (2) 

where V- and Vx denote the div and curl operators, n the outward normal vector 
and t any unit tangential vector of dfl. 

The corresponding ideal MHD system is usually equipped with the slip bound- 
ary condition, namely 

' d t u° + (u° • V)u° - (H° • V)H° + Vp° = in ft, 

V • u° = in ft, 

< dtH° + (u° ■ V)H° - (H° ■ V)u° = in O, (3) 

V • u° = in ft, 

u° = u ,H° = H , at t = 0, 

u° • n = 0, H° • n = on ft. (4) 

Our aim is to investigate strong convergence, up to the boundary, of the solution 
(u,H) of the MHD (PQ) to the solution (u°,H°) of the ideal MHD system 0, as 
(u,n) -> 0. 

The boundary conditions ([2]) are a special Navier-type slip boundary conditions, 
which allow the fluid to slip at a slip velocity proportional to the shear stress 
introduced by Navier [I]. This type of boundary conditions has been used in many 
fluid problems (see e.g. [2], [3], [I], [5]). 

The viscous MHD system in the whole space or with non-slip boundary condi- 
tions has been studied extensively (see e.g. [Bj, [7], [8], [2], QH]). The solvability, 
regularity of the 3-D viscous MHD system with a slip boundary condition, we refer 

to p]. 

The issue of vanishing viscosity limits of the Navier-Stokes equations is classical 
and fundamental importance in fluid dynamics and turbulence theory (see e.g. |12j 

m, m, HE m, m\, ehd- 

In flat boundary case, the 3-D inviscid limit for solution (u, H) to the slip 
boundary problem ([1]) and ([2]) has been considered in [11]. In |11| . they state the 
following result. Assume V • uo = 0, V • Ho = 0, and (uo,Ho) € H 3 satisfy the 
boundary conditions ([2]). Then, as {y, /i) — > 0, 

(u, H) (u°, H°) in LP(0, T; H 3 (ft)) D C([0, T]; H 2 (f2)), (5) 

for some T > and any p G [1, +oo), where (u°,H°) is the solution to the ideal 
MHD equations © and ©. 
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It should be noted that the approach encounters great difficulties for general 
domains as pointed out by [16]. Thus, following [16], we restrict the problem to a 
cubic domain Q = [0, l]p er X (0, 1) with the boundary conditions on two opposite 
faces z = and z = 1, and others be assumed periodic, which was called flat 
boundary case. 

Our approach here is motivated by the idea introduced in [19] to study the 
same problems for the Navier-Stokes equations. We prove the following result. 

Theorem 1.1 Let the initial data u G V 21 ^ 1 n H 2k+1 , H € V 21 ^ 1 n H 2k+1 , 

k > 1. Then there exist strong solution of the MHD equation fl]) and (Q|) in the 
"cubic domain" (flat boundary case) on some time interval [0,T], s.t. 

(6) 

ll^ u llL 2 (0,T;H 2k ) + l|dtH|| L 2( 0iT . H 2k) < C. 

And 

(u,H) -»• (u°,H°) in C([0,T];H 2k ), as (i/, /j) 0, (7) 

where (u°,H°) is i/ie unique solution of the ideal MHD equations (G^ and 

Further, denoting u° = Vu° and £° = VH°, if \\d^ k U}^.\\ LaO ( 0>T , C 2rgQ\\ < C, 
\\9n CT\\L°°(0,T;C 2 (dO,)) < C , \\d t dl k LJ® ||l2( 0)T;C -i < C, ||d t <9 2 CTll^Co.TjC^sn)) < 

(u,H) -> (u°,H°) in C([0,T];H 2k+1 ), as (p,fi) -4 0. (8) 

The paper is organized as follows. Some tools are drawn in section [2j A priori 
estimates to the MHD systems are given in section [3J The results of vanishing 
viscosity limit and the convergence rate are presented in section |H 

2 Notations and preliminaries 

Throughout the rest of this paper, denote by v T = v • r and v n = v • n on the 
boundary d£l. For the flat boundary case, v • n = and V x v = are equivalent 
to v n = and d n v T = on dQ. And dQ = {(x,y,z);z = 0,z = 1} D Q. 
For convenience, Q and Q may be omitted when we write these spaces without 
confusion. 

We begin our analysis with a formula of integration by parts. 
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Let Q be a regular open, bounded set in R 3 . Then, for sufficiently regular 
vector fields v, 

Avvdx = ||Vv||? 2 - / <9 n v-vd(7. (9) 



L 

a Jan 

It is easily shown that if v is, sufficiently regular, vector fields in a flat boundary 
domain then 

<9 n v • v = <9 n v T • v T + <9 n v n • v n . (10) 

It follows that <9 n v • v vanishes on the boundary if either of the following con- 
ditions is satisfied, 

(a) v • n = 0, V x v x n = on dfl, 

(11) 

(b) v x n = on dCl, V • u = in fi. 

To study functions with either of above boundary conditions, we introduce 
series of function sets. 
Let 

i^ = {vGH 1 ;V-v = Oinn}, 
V~ l = {v € H; v n = on dfl}, 
V° = {v G H;v T = on dCL}, 
V 2k = {v € H 2k+1 ; d*h 6 V°, j = 0, 1, • • • , k}, 
V 2k+l = {v € H 2k+2 ; v G V" 1 , 9 2 J +1 v G V°, j = 0, 1, • • • , k}. 
Then, the following propositions are easily obtained 
Proposition 2.1 Let k > 1. Then V k C y fc ~ 2 . 

Proposition 2.2 Xei > -1, and v G V k . Then div G V k ~J, j = 0, 1, • • • , k+ 1. 

Rewrite (jlip with the new notations, 

Lemma 2.1 Lei A; > and v G V k . Then d n v • v = on dQ. 

It should be considered that when v is not in V° or V 1 . For energy estimates, 
we construct a boundary layer to fill the gap. 
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Lemma 2.2 In the flat boundary case, assume ||hx He 1 — ^ f or k>l. Then, 
for any e << 1, there is a v £ 6 V 2k_1 , x £ = V X v e , suc/i £/iai V x v e = as 
£2 < z < 1 — £2 , furthermore, 

x^GC 2k+1 (n), x £ nG c 2k (n), 



||z*(l - +1 x^||lp < Ce^ +1 ^, 

||^(1 - Z^VnllLP <Ce^ + ^, 
\\d 2 n k X £ hv<Cs^ + K 

for i 6 1 < p < +oo. 

Proof. It's trivial to find a function (f(z) 6 C 1 [0, oo), s.t. 

y?(z) = 1 at z = 0, 
y?(z) = at z > 1, 

F^)( S )ds = 0,j = 0,l,--- ,2fc-l, 



(12) 



(13) 
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where F is an integrate operator from C[0, oo) to C^O, oo), and F(f)(z) = Jq f(s)ds, 
F°(f) = /, = F(F J_1 ), j > 1. 
Denote by (/? e (z) = ¥>(-x). Then, 

||^<9^ £ ||z> < Ce^ +1 ? for i G R + ,j < 2, 1 <p < +oo. 

Set il> £ (z) T = h T (0)<£> e (z) + h T (l)</? e (l — z), and ^| = — V T • ?/v(x, y, s)ds. It 
follows that 

v • i) £ = o in n, ip% = h T on an. 

Next, set 

x e = F 2k m. 

Since F^ £ ) = on dfl, for j = 1, 2, • • • , 2fc, it follows that d^Xr = 0, ct +1 X3 = 
on 5r2, for j = 0, 1, • • • ,2k — 1. Furthermore, V • x e = in fi. In other words, 
X £ G V 2k ~ 2 . Therefore, J xs = 0. 

Finally, let £ £ satisfy the following equations 



- AC £ = X £ m fi, 

C £ = o,<^c| = o on dn. 



(14) 
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The necessary condition J X3 = of existence holds by classical elliptic theories. 
Applying div to equation (I14p . together with div£ e = on <90, then V • C e = in 

o. 

Set v e = V x ( E and notice that V x V£ £ = —Ax £ , then the proof is completed 
after a simple calculation. ■ 

Now, we derive some results of nonlinearities. 

Lemma 2.3 (u • V)v is normal to the boundary, if either of the following condi- 
tions holds 

(a) u€V°,vGV 1 , 

(15) 

(6) ueV-VeV . 



Lemma 2.4 Let j > 0, u, v € V J . Then, (u • V)v • n = on 90. 
The proof is left to the reader. 

Theorem 2.1 Let u, v G V 2k+1 , k > 1. Then, for < j < 2k + 1, 

{<9^ (u • V)v • n = on 9fi, if i zs even, 
<9^(u • V)v x n = on dft, if j is odd. 



Proof. It's easily derived, 

#(u.V)v = 2^n(u-V)4" ! V. 
i=0 

If j is odd. i and j — i, ox j — i and i, are odd and even, respectively. Recalling 
Proposition EH <9> G V 1 and dt\ G V°, or 3> G V° and S£ -i v G V 1 . It 
follows Lemma [2.3l ^(u'VjfljT'v x n = on 90, and the desired result is obtained. 

If j is even, i and j — i are all odd or even. Recalling proposition 12.11 and 
Lemma 12.4} d l n {u ■ V)9n~'v • n = 0. And the desired result is obtained. ■ 

Finally, denote V x (u • V)v — (u • V)(V x v) by F(Du, Dv). By appealing to 
Theorem 12.11 the following results can be obtained. 

Corollary 2.1 Let u, v G V 2k+1 , k > 1. Then, for < j < k, 

dl j {u ■ V)(V x v) x n = 0, ^ j F(Du, Dv) x n = on dft. 
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3 A priori estimates 



Now, we derive formal energy estimates assuming that uo, u, Ho, H are sufficiently 
regular. As pointed out in [11] and [16], the key in studying the vanishing viscosity 
limit is to control the vorticity created on the boundary. 
Set 

w = Vxu,( = VxH. 

Recalling the boundary conditions ([2]) together with the notations introduced 
in section [21 

uev 1 , HgV 1 , wgV°, (ev°. (17) 

By applying the operator curl to both sides of the equation ([1]) one gets, 
d t 0J - i/Aw + (u • V )w - (H • V)C + F(Du, Du) - F(DH, DH) = in ft. (18) 

dtC - fiA( + (u • V)C - (H • V)w + F(Du, DH) - F(DH, Du) = in ft. (19) 

By appealing to Corollary 12.11 and ()17p . one obtains dtu, dtC, A t i<j, A T £, 
(u • V)w, (H • V)C, (u • V)C, (H • V)w, F(Du, Du), F(DH, DH), F(Du, DH) and 
F(DH,Du) are all normal to boundary. Then, by equations (|18j) and (119|) . d 2 uj 
and are normal to dfl. It follows that uj 6 V 2 , ( G V 2 , u <E V 3 and H G V 3 . 

Similarly, applying operator d 2 to both sides of equations ([TS]) and ([T9]) , Step 
by step, the following result is obtained. 

Lemma 3.1 Let u and H be sufficient regularity. Then, for k G N , 

u G V 2k+1 , H G V 2k+1 , u G V 2k , C G V 2k . (20) 



Applying the operator d% yz , (a is a multi-index and \a\ < 2k) to both sides of 
equations (ITS]) and (fT9l) . one gets 

d t d^ z oo - uAdZ tVtt u> + (u • V)d« ytZ u - (H • V)^, y , z C 
+ (<^ u -V)^, y , z a;- Yl (dx, y ,zH-V)^ y , z C 

|/3|=l^+7=a |/3|=l,/3+ 7 =a 

+ E (O^V)^,,"- E (^,y,zH-V)^ y , z C 

l/9|>l,/3+7=a |/3|>l,/3+7=a 

+ F(Dd% yz ii, Du) + F(Du, Dd^ z u) - F(Dd" yz H, DH) - F(DH, Dd% yz H) 

+ ^ F(Dd^ y>z u, Dd^ z u) - Yl F (DdP >y , z u, Dd^ z u) = 0, 

l<l/3|<|a|-l,/3+7=a l<|^|<|a|-l,/3+7=a 
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d t d« y>z c - /xA^c + (u • v)a« yiZ c - (H • V)^ y ,,w 

+ E (^ u ' V )^,y,zC- £ « y , z H-V)c% y)Z u, 

|/3| = l,/3+ 7 =a | / g|=l,/3+ 7=a 

+ £ fcu.V^C- £ (^ >y , z H • V)dl y ^ 

|/3|>l,/3+7=a | / 9|>l,/3+ 7 =a 

+ F{Dd^ z u, DH) + F(Z>«, I^H) - F( I ><)''. y //. Du) - 
+ £ F(Dd^ z u, Dd^ y z H) - Yl F (Dd^ z H, Dd^ z u) = 0. 

l<|/8|<|a|-l,/8+T=a l<l/3|<l"|-l,/3+7=" 

Next, multiplying both sides of the above equations by d£ y z oj and d^ y ^ z (, 
respectively, integrating in f2, and summing them up. Note that d^ yz u) v € V° and 
d x, y ,zC G ^° or S^w" € and G for |a| < 2fc, 

J (H • V)d« yiZ C • ^, y , z u, + J (H • Vj^w • a« yjZ C = 0, 

l|Vu|| L °° + ||VH|| L °° < C||u|| H 3 + C||H|| H 3 < C||a;|| H 2k + C||C|| H 2k, 

and 

||u|| W j,4 + ||H|| W j,4 < C||w|| w j-i.4 + C||C|| w J-i.4 < c l|w|lHj + C||C|| H j,2 < j < 2k. 
By Lemma 12.11 and summing up for all \a>\ < 2k, one obtains 

\j t (M 2 H^ + IICII W + "livw||^ + Hivcil^ 2fc < c\\uf H2k + c||c||^ 2fc . 

Comparing with the ordinary differential equation 

3 



y '(t) = Cyi, 

(21) 

\ff2k "I" M'sO II jyafc , 



2/(0) = MLfc + HCo" 2 



where wo = V x uo and Co = V x Ho, then denoting by T* the blow up time, it 
follows that a priori estimates hold, for T < T* , 

IMl£°°(0,T;ff2k) + \\(\\L™(0,T;H 2k ) < C- ( 22 ) 

Thus, we have the following result. 

Theorem 3.1 Let u € V 2 * -1 n H 2k+1 and H € V 21 *" 1 n H 2k+1 , fc > 1. T/ien 
i/iere exist T and C(||uo||H 2k + 1 >T), s.t 

ll u llL 0o (0,T;H ak + 1 ) + l|H||L°°(0,T;H 2k + 1 ) ^ C. (23) 
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Taking the inner product ( (fl8|) . d+u) H 2k-i + ( (fl9|) . d+() H 2k-i. one obtains that 

\\ d M\ L 2(p,T;H*k-l) + II^Cllx2( 0i T;if2fe-l) < C. It follows that ||<9tu|| L 2 (0iT; H2k) + 
ll^tH|| L 2( 0!X;H 2k) < C. 

According to Hwoll^fe < C and HColli^sfc < C, then by equations (fTH|) and (fT9j) . 

||<9tw|4 = o||H 2fc - 2 + II^C|t=o|]H 2fe - 2 ^ C 

Similarly, applying operator dtd^ yz to both sides of equations (fTHl) and (fl9l) . 

for |a| < 2k — 2, and multiplying dtd^ yz uj and dtd^ yz (, respectively, we have, 

||<9tu|| LO o( 0jT;H 2k-i) + ||<9tH|| L so( 0jT;H 2k-i) - C. (24) 
Thus, we can conclude 
Theorem 3.2 Let the conditions of Theorem \3.1\ be satisfied, then for s < k 

ll^ u llL»(0,T;H 2k + 1 - 2s ) + ll^tH||L°°(0,T;H 2k + 1 - 2s ) ^ C, 
ll^ +lu llL 2 (0,T;H 2k - 2s ) + ll^t +1 H|lL 2 (0,T;H 2k - 2s ) < C. 

where C = C(\\ Uo||H 2k +i, T). 

Then, the regularity of the solution of MHD equations ([I]) and ([2]) is investi- 
gated, 

Theorem 3.3 Let the conditions of Theorem I3.il be satisfied. Then for s < k, 
there exist a time T depending on the initial date and unique classical solution of 
MHD equations (QJj with boundary condition H)). In addition, 

W^t u llL°°(0,T;H 2k + 1 - 2s ) + l|dfH|| L oo( 0iT;H 2k+i-2s) < C, 
ll^t +lu llL 2 (0,T;H 2k - 2s ) + ll^t +lH llL 2 (0,T;H 2k - 2s ) < C, 

w/iere C = C(||uo||H 2 k+i , ||Ho||H 2 k+i , T). 



4 The vanishing viscosity limit 

This section focuses on the vanishing viscosity limit of the MHD system for the 
flat boundary case. 

Theorem 4.1 Let the conditions of Theorem \3.1\ be satisfied for k > 1. Then 
as iy,ix) — » 0, (u, H) converge to the unique solution (u°,H°) of the ideal MHD 
system with the same initial date in the sense 

(u, H) -> (u°, H°) in C(0, T; H 2k ). (27) 



9 



Proof. It follows from Theorem 13.31 that 

u(z/, fi), H(i/, /i) is uniformly bounded in L°°(0, T; H 2k+1 ), (28) 

and 

d t u(u, ii),dtH{u, fi) is uniformly bounded in L 2 (0, T; H 2k ), (29) 

for all v > and fi > 0. By the standard compactness result, there exist a 
subsequence v\, of u, fi^ of // and vector functions u° and H°, such that 

(u(i*, /x k ), H(i/ k , Mk )) -> (u°, H°) in C(0, T; H 2k ), (30) 

as (z/, //) — > 0. Passing to the limit, we can find (u°,H°) solves the ideal MHD 
equations ([3]) and Together with the uniqueness of the strong solution of the 
ideal MHD systems, we then show the convergence of whole sequence. ■ 
Now, we present the convergence rate. 

Theorem 4.2 Let the conditions of Theorem \3.1\ be satisfied for k > 1. Then, 

||u — u ^||l°°(0 T-H 2k_1 ) ||H — H^Hloo^q T-H 2k_1 ) — C/i. (31) 



Proof. Set w° = V x u° and £° = V x H°. Recalling Lemma I3TT1 and Theorem 
14.11 one obtains 

u°(t) g x 2k - x n H 2k+1 , H°(t) g x 2k - x n H 2k+1 , 

u°(t) e x 2k ~ 2 n H 2k , c°(t) g x 2k ~ 2 n H 2k . 

Set u = u — u°, w = V x u, H = H — H°, ( = V x H. We can find u, u> solve 

d t u - i/Aw + (u • V)w + (5 • V)w° - (H • V)C - (H • V)C° 
+ F(Du, D5) + F(D5, Du°) - F(DH, DH) - F(DH, DH°) = vAu°, 

d t C- MAC + (u • V)C + (5 • V)C° - (H • V)S5 - (H • V)C° 

(34) 

+ F(Du, DH) + F(D5, DH°) - F(DH, D5) - F(DH, Du°) = fiAu , 

Noting that w° G V 2k ~ 2 , C° G T/ 2fc " 2 , || Aw|| jf/2fc -2 < C and ||AC|| H 2 fc -2 < C, the 
same argument in proof of Theorem 13.11 can be followed. Taking the inner products 
( ([33]) . uj) H 2k-2 + ( ([34"|) . C) H 2k-2, and the desired result can be obtained. ■ 

There is a gap between (d 2k uj®,d 2k (,®) and 0. In other words, u° and £° are 
not in V 2k . Assuming \\dl k uj Q T \\ L oo^ T . C 2 {lm)) < C, ||fi^C?IU«>(o,T;Ci»(an)) < C, 
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\\dtdl k ^\\ L 2 {0)T . C 2 {dn)) < C, ||<9t^CrlU 2 (o,T;C2(an)) < C, by Lemma EH there 

exist v 1 G V 21 *" 1 , x i = V x v" € V 2k ~ 2 (i = 1,2), s.t. <9 2fe Xr = 

<9 2fe x 2 = _ d 2k C on ||^ (1 _ z yg%k+i x i || £ „ (0iT . ia) < Cz/V , and further 

II^XllL2(0,T;H2fe) < Cvi, \\d T X l \\ L ^(0,T;H^) < Cu4, i = 1,2, j = 0,1. 

Setu = u-u°-v 1 ,H = H-H°-v 2 w = Vxu = w-w°-x 1 , ( = VxH = 

C-C°-x 2 - 

From equations (|33p and (|34|) . one obtains, 
d t Q - uAQ + (u • V)w + (u • V)w° - (H • V)C - (H • V)C° 
+ F(Du, Du) + F(Du, Du°) - F(DH, DH) + F(DH, DH°) 

(35) 

= uAuj - dtx 1 + - (u • V)* 1 - (v 1 • V)^° + (H • V) X 2 + (v 2 • V)C° 

- F(Du, Dv 1 ) - F(Dv 1 , Du°) + F(DH, Dv 2 ) + F(Dv 2 , DH°), 

d t C- MAC+ (u • V)C + (u • V)C° - (H • V)£5 - (H • V)C° 
+ F(Du, DH) + F(Du, DH°) - F(DH, Du) - F(DH, Du°) 

(36) 

= ^Al, - d tX 2 + /"A X 2 - (u • V) X 2 - (v 1 • V)C° + (H • V)* 1 + (v 2 • V)C° 

- F(Du, Dv 2 ) - F(Dv 1 , DH°) + F(DH, Dv 1 ) + F(Dv 2 , Du°), 

Then, taking the inner products ( ([35]) . Q) H 2k + ( (|36l) . C)H 2k ■ 
Note that 

d 2 n k ~ l Q n = o, d 2 n k Q T = o, df - x Cn = o, aft = o on an, 
W J Aa 2 ^ 1 • flgVl = \uj vaf x 1 ■ vfl£V| < ^liv^ili. + cvi, 

IKu-V^VIIl^ < ||(u T -V r )a 2 VllL 2 + ll^^l|L-||z(l-z)5 2k+1 x 1 || L2 <Cyl. 
And it follows in the same manner, that 

\\^\\L^(0,T;H 2k ) + IIClli°°(0,T;H 2fc ) < C^ 3 + ^V*- 

The following result is concluded, 

Theorem 4.3 Let the conditions of Theorem \3.1\ be satisfied for k > 1. Assume 

the solution (u°, H°) o/i/ie ideal MED equations $3\) and satisfy ||9 2fc <^r llL°°(o,T;C* 2 (9n)) — 

C; ll^n Crlk°°(0,T;C 2 (Sn)) < C > II^^^tIIl^O.T^ 2 ^)) < C, ll^t^Cr IIl 2 (0,T;C 2 (S^)) 

C, then, 

ll u ~~ u °llL oo (0,T;H 2k + 1 ) + || H ~~ H° ||L°°(0,T;H 2k + 1 ) — Cz>4 + C/14. (37) 



< 
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Finally, we give two remarks. 
Remark 4.1 // the conditions of Theorem \4- S\ are all satisfied, then for s < k — 1, 
\\&fu — 9gU^ Ulcxj^q rp.jj2k-i-2s) + ||9^H — 3gH^ ||l°o(o T H 2k_1_2s ) — Ci/ + C/i. (38) 
Remark 4.2 If the conditions of Theorem \4-3\ are all satisfied, then for s < k, 
||^u-a t s u o || Loo(OiT .H2 k+ i-2 S) + ||^H-0 t s H o || L ^ (OiT;H 2 k+ i- 2s) < Ci/i+C/ii. (39) 
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